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Abstract
We characterize the image of the Poisson transform from any distinguuished
boundary of a Riemannian symmetric space of the noncompact type by a system
of differential equations. The system comes from a generator system of a two-sided














$H(D)= \{u\in C^{\infty}(D):(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}})u=0\}$





). $\mathcal{P}f(z)$ $D$ $\mathcal{P}f(z)$ ( a$\pi$




($O$ ). $\mathcal{B}(T)$ $\mathcal{A}’(T)$






$u=\mathcal{P}_{\lambda}f$ 1 Riemann $D\simeq SU(1,1)/SO(2)$ Laplace-
Beltrami $\Delta$
$\Delta u=\frac{1}{4}(\lambda^{2}-1)u$ , $\Delta=(1-x^{2}-y^{2})^{2}(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}})$ .
Helgason [4] Poisson $P_{\lambda}$ $B(T)$
$A(D; \mathcal{M}_{\lambda})=\{u\in C^{\infty}(D):\Delta u=\frac{1}{4}(\lambda^{2}-1)u\}$
$\lambda\neq-1,$ $-3,$ $-5,$ $\ldots$
$\mathcal{A}(D;\mathcal{M}_{\lambda})=A(D;\mathcal{M}_{-\lambda})$ ${\rm Re}\lambda\geq 0$ $\Delta$
Poisson
1.2 Helgason-






Helgason ) ([3, 15, 16]),
$K$ ([5])
Kashiwara et al. [11] (cf. [12])
$G$ Lie $K$ $G$
$G=KAN$ $P=MAN$ $G$
$G/K$ Riemann $G/P$ Furstenberg
$G=SL(n,\mathbb{R})$ ( 1 $n$ ) $K=SO(n)$ (
), $M,$ $A,$ $N$ $\pm 1$
1 $G$ ( $SL(n, \mathbb{R}),$ $SU(p, q)$
$GL(n,\mathbb{R}),$ $U(p, q)$ )
$G$ 9 $9c$ $X$
$X \varphi(x)=\frac{d}{dt}\varphi(xe^{tX})|_{t=0}$
$G$ ( $G=SL(n,\mathbb{R})$ $\mathfrak{g}_{C}=$
$\{X\in M(n, \mathbb{C}) :tr X=0\}.)X\in 9c$ $G$
$\pi(g)\varphi(x)=\varphi(g^{-1}x)$
$X$ $G$ ( ) $G$
$\emptyset c$ $G$ $9c$ $U(\mathfrak{g})$
$\emptyset c$




$D(G/K)$ $G,$ $K,$ $A,$ $N$ Lie
$\mathfrak{g},$ $f,$ $a_{\mathfrak{p}},$ $\mathfrak{n}$ $G=SL(n, \mathbb{R})$ $\emptyset \mathfrak{p}$
$\Sigma(a_{\mathfrak{p}})$ $G/K$ $W$ $\Sigma(a_{v})$ Weyl $\Sigma(\alpha_{\mathfrak{p}}\rangle^{+}$ $\mathfrak{n}$
$m_{\alpha}$ $\alpha\in\Sigma(a_{\mathfrak{p}})$ $\rho=\frac{1}{2}\sum_{\alpha\in\Sigma(\emptyset,)^{+}}m_{\alpha}\alpha$
$\mathfrak{g}=f+a_{\mathfrak{p}}+\mathfrak{n}$ $U(\mathfrak{g})$ $U(\alpha_{\mathfrak{p}})$ $D\mapsto D_{a}$,
$D-D_{a},$ $\in \mathfrak{n}U(g)+U(\mathfrak{g})l$ Harish-Chandra $\gamma$ $\gamma(D)=e^{-\rho}oD_{a},oe^{\rho}$
$G/K$
$D(G/K)\simeq U(\mathfrak{g})^{K}/(U(\mathfrak{g})^{K}\cap U(\mathfrak{g})f)$
Harish-Chandra $\gamma$ $a_{\mathfrak{p}}$ Weyl $S(a_{\mathfrak{p}})^{W}$
(Harish-Chandra ). $D(G/K)$
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$G=SL(n, \mathbb{R})$ $W$ $n$ $S(a_{\mathfrak{p}})^{W}$ $e_{1},$
$\ldots,$
$e_{n}$
( 1 $e_{1}+\cdots+e_{n}$ $a_{\mathfrak{p}}$ ).
$\lambda\in a_{\mathfrak{p},\mathbb{C}}^{*}$
$\mathcal{B}(G/P;L_{\lambda})=\{f\in \mathcal{B}(G)$ : $f(gman)=e^{(\lambda-\rho)(1oga)}f(g)$
$(g\in G, m\in M, a\in A, n\in N)\}$ (1)
$G$ $G/P\simeq K/M$
$B(G/P;L_{\lambda})\simeq \mathcal{B}(K/M)$ 11
$G=SU(1,1)$ , $G/K\simeq D$ , $G/P\simeq T$
$f\in B(G/P;L_{\lambda})$ Poisson
$\mathcal{P}_{\lambda}f(x)=\int_{K}f(xk)dk$
Poisson $P_{\lambda}$ $G$ $\pi(g)f(x)=f(g^{-1}x)$




$\mathcal{A}(G/K;\mathcal{M}_{\lambda})=\{u\in A(G/K):Du=\gamma(D)(\lambda)u (D\in D(G/K))\}$
Harish-Chandra $c$- $e(\lambda)$ $G=SL(n, \mathbb{R})$
$X=$ diag$(x_{1}, \ldots, x_{n})\in a_{\mathfrak{p}}$ $(x_{1}+\cdots+x_{n}=0)$
$\lambda(X)=\sum_{j_{=1}}^{n}\lambda_{j^{X}j}$ $\lambda\in a_{\mathfrak{p},\mathbb{C}}^{*}$ $(\lambda_{1}, \ldots, \lambda_{n})\in \mathbb{C}^{n}$ $($ $\lambda_{1}+\cdots+\lambda_{n}=0)$
$e( \lambda)=\prod_{1\leq i\triangleleft\leq n}\Gamma(\frac{1}{2}(\lambda_{i}-\lambda_{j}+1))^{-1}$
1([11]) $P_{\lambda}$ $B(G/P;L_{\lambda})$ $\mathcal{A}(G/K;\mathcal{M}_{\lambda})$
$e(\lambda)\neq 0$
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${\rm Re}\{\lambda,\alpha\rangle\geq 0(^{\forall}\alpha\in\Sigma(a_{\mathfrak{p}})^{+})$ $e(\lambda)\neq 0$ $w\in W$
$\mathcal{A}(G/K;\mathcal{M}_{w\lambda})=\mathcal{A}(G/K;\mathcal{M}_{\lambda})$
$D(G/K)$ Poisson $(G=$
$SL(n,\mathbb{R})$ ${\rm Re}\lambda_{1}\leq{\rm Re}\lambda_{2}\leq\cdots\leq{\rm Re}\lambda_{n}$ $e(\lambda)\neq 0$









$D=\{Z\in M(n,\mathbb{C}):I_{n}-{}^{t}Z\overline{Z}>0$ ( ) $\}$





$P\subset Ps$ $G$ Ps $(G=SU(n, n)$
) $S\simeq G/P_{S}$
$f\in B(G/P_{S})\subset B(G/P)$ Poisson $Pf(Z)$ $B(G/P)=B(G/P;L_{p})$
Poisson $P_{\rho}f$ $B(G/P_{S})$ $\mathcal{A}(G/K;\mathcal{M}_{\rho})$
($D\simeq G/K$ )
E. Stein











tube type Hermite Shilov 3
Poisson [2] ( ), [14] $(G/P_{S}$
) $G=SU(p, q)(p>q)$ $p=q$ (tube
type ) 2 Poisson
(23 ).
2 Poisson
Furstenberg (1.2 ), tube type Hermite
Shilov (1.3 ) Poisson
Riemann Poisson








$P_{-}--=M_{\overline{\underline{-}}}A_{\Xi}N---$ $(M\underline{=}\supset M,$ $A_{\Xi}\subset A$ , N $N)$ $\Xi=\emptyset$
$P_{\underline{\overline{-}}}=P,$ $\Xi=\Psi(\mathfrak{a}_{\mathfrak{p}})$ $=G$
$G=SL(n,\mathbb{R})$ $(i, i)$ 1 $E_{i}$
$e_{j}(E_{i})=\delta_{ij}$
$e_{j}$
$A$ Lie $\alpha_{\mathfrak{p}}$ $E_{i}-E_{i+1}(1\leq i\leq n-1)$
$\Psi(a_{\mathfrak{p}})=\{e_{i}-e_{i+1} : (1\leq i\leq n-1)\}$




$i$ $i+1$ $\Xi\subset\Psi(\mathfrak{g}_{\mathfrak{p}})$ $(n_{1}’, \ldots, n_{L}’)$
$n_{1}^{l}+\cdots+n_{L}’=n$ 9 $M_{\overline{\underline{-}}}A_{\Xi}$ $n_{1}’,$ $\ldots,$ $n_{L}’$
$P_{\Xi}$
a— $A_{\Xi}$ Lie $\mu\in$ c Poisson
$B(G/P_{\Xi};L_{\Xi,\mu})=\{f\in B(G) : f(gm_{\Xi}a_{\Xi}n_{\Xi})=a_{\Xi}^{\mu-\rho}f(g)\}$ ,
$\mathcal{P}_{\Xi,\mu}f(g)=\int_{K}f(gk)dk$
$a_{-,C}$ Killing $a_{\Xi}^{\perp}\subset a$ $\alpha_{\mathfrak{p},\mathbb{C}}^{*}$
$\rho$ ( ) $=\rho-\rho|_{a\underline{-}}$ fibration $G/Parrow G/P_{\Xi}$
$B(G/P_{-}\neg;L_{\Xi,\mu})\subset \mathcal{B}(G/P;L_{\mu+\rho(\Xi)})$
$\mathcal{P}_{\Xi,\mu}$ $\mathcal{P}_{\mu+\rho(\Xi)}(B(G/P_{\Xi;}L_{\Xi,\mu}))$ $\mathcal{A}(G/K;\mathcal{M}_{\mu+\rho(\Xi)})$
1([24]) i) ${\rm Im} P_{\Xi,\mu}={\rm Im} P_{\mu-\rho(\Xi)}$
ii) ${\rm Im} P_{\lambda}=\{u\in \mathcal{A}(G/K):Du=0(\forall D\in I_{\lambda})\}$,





$\lambda=\mu-\rho(\Xi)$ Poisson Helgason- (
$\mathcal{P}_{\lambda}$ )
22
Harish-Chandra $\gamma$ $U(\mathfrak{g})$ $Z(g)(\subset U(g)^{K})$
$D(G/K)$ ($G$ $G=SL(n,\mathbb{R})$ ).
$\lambda$ Poisson $\prime p_{\lambda}$ $Z(g)$





$G/P_{\Xi}$ $U(\mathfrak{g})$ ( )
Poisson $B(G/P_{\Xi};L_{\Xi,\mu})$
$\mathcal{B}(G/P;L_{\mu+\rho(\Xi)})$ $G$ $P$ P—
$G$ $P$ $P_{\Xi}$
$U(\mathfrak{g})$ $U(\mathfrak{g})$ $I$ $I$
$\pi$ $B(G/P—;L_{\Xi,\mu})\subset B(G/P;L_{\mu+\rho(\Xi)})$
Poisson $\pi$ $\mathcal{P}_{\mu+\rho(\Xi)}$




[20, 21, 22], - [23]
Riemann $G/K$ G/ Poisson
Verma
( $G/K$ $g$ $G$ Lie
)
$a$ Cartan $b=\alpha+\mathfrak{n}$ 9 Borel $\mathfrak{p}_{\Theta}\supset b$ 9
$\mathfrak{g}=\mathfrak{g}$













($\Theta,$ $\lambda$ $\Xi,$ $\mu$ ) $\mathfrak{g}=\mathfrak{g}\mathfrak{l}(n, \mathbb{C})=M(n, \mathbb{C}),$ $\mathfrak{p}_{\Theta}=\text{ _{}\Theta}+\mathfrak{n}_{\Theta}$,
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$\Theta=$ g $(n_{1})\oplus\cdots\oplus gt(n_{L})(n_{1}+\cdots+n_{L}=n)$ $q_{\Theta}(t, \lambda)$
$q_{\Theta}(t, \lambda)=\prod_{j=1}^{L}(t-\lambda_{j}-n_{1}- \cdot\cdot\cdot-n_{j-1})$
$M_{\Theta}(\lambda)$ (3) $U(\mathfrak{g})$
$I_{\Theta}(\lambda)$ $I_{\Theta}(\lambda)$ $qe(E, \lambda)(E=(E_{ij})\in M(n, g))$
22
1 $)$ $e(\mu+\rho(\Xi))\neq 0$
2$)$ $M_{e}(\lambda)$
D- $\gamma$(D)($\mu+\rho$( )) $(D\in Z(\mathfrak{g}))$ $q_{\Theta}(F, \lambda)$
$P_{\Xi,\mu}$
2 1) Helgason- ( 1) 2) (3)
$I_{\Theta}(\lambda)$ $q_{\Theta}(F, \lambda)_{ij}$ (
[20,21,22,23] $)$ .
Hermite ([24, Theorem 3.2]).
23 $U(p, q)$
$p,$ $q$ $p\geq q$ 2 $\sigma$
$\sigma(X)=I_{p,q}XI_{p,q}$ $I_{p,q}:=(\begin{array}{ll}I_{p} 00 -I_{q}\end{array})$
Lie $g=9^{[}(p+q, \mathbb{C})$ involution
$G=U(p, q)=\{g\in GL(p+q, \mathbb{C}):g=I_{p,q^{t}}\overline{g^{-1}}I_{p,q}\}$ ,
$K=U(p, q)\cap U(p+q)=U(p)\cross U(q)$ $(SU(p, q)$ $U(p, q)$
) $G/K$ $q$ Hermite $\Psi(\alpha_{v})=$
$\{\alpha_{1}, \alpha_{2}, \ldots, \alpha_{q}\}$ . $|\alpha_{1}|=\cdots=|\alpha_{q-1}|$ . $|\alpha_{1}|<|\alpha_{q}|$ $(p=q$ $)$ , $|\alpha_{1}|>|\alpha_{q}|$ $(p>q$
) $\Xi=\Psi(a_{r})\backslash \{\alpha_{q}\}$ G/ $G/K$ Shilov
$\mathfrak{g}$ $\mathfrak{g}$ Cartan
$\Theta=\{\tilde{\alpha}_{1}, \ldots,\tilde{\alpha}_{p+q-1}\}\backslash \{\tilde{\alpha}_{q},\tilde{\alpha}_{p}\}$
$q_{\Theta}(t, \lambda)=\{\begin{array}{ll}(t-\lambda)(t-q)(t+\lambda-p) (p>q)(t-\lambda)(t+\lambda-p) (p=q)\end{array}$
$p=q$ (tube type) 2 $p>q$ (non-tube type)





$E=(\begin{array}{ll}K_{1} PQ K_{2}\end{array})\in M(p+q, U(\mathfrak{g}))$
$K_{1}=(E_{i,j})_{1\leq i,j\leq p}$ $P$ $q$
$(E-\lambda)(E+\lambda-p)\equiv(\begin{array}{ll}PQ 0(q-p)Q QP\end{array})-\lambda(\lambda-p)$ $mod U(\mathfrak{g})i$
$q$
$(QP)_{i,j}u=\delta_{i,j}\lambda(\lambda-p)u$ $(1\leq i,j\leq q)$
Poisson $\lambda=p$ [2], $\lambda$
[14] 2
i $)$ $\Xi$ $\Psi(\alpha_{\mathfrak{p}})\backslash \{\alpha_{q}\}$
ii) $K$ 1 $G/K$
i $)$ $0$ . $=n_{0}<n_{1}<$ . . . $<n_{L}=q$ $n_{0},$ $\ldots,$ $n_{L}$
$\Xi=\{\alpha_{i}:i\in\{1, \ldots, q\}\backslash \{n_{1}, \ldots, n_{L}\}\}$ $p=q$
$2L$ $p>q$ $2L+1$ $p>q$ $L=1$ $U(9)f$
$K$ $2L$ $2L-2$
$\mathcal{P}_{\Xi,\lambda}$
ii) Shilov i) $K$ 1
$G/K$ Poisson
$(G=SU(p, q)$ $K=S(U(p)\cross U(q))$ 1
ii) i) )






$\sum_{--\cdot j\leq 2}n^{\mathbb{C}F_{1j}}\simeq s\mathfrak{p}_{n}$ $Shi1_{oV}$ $s\mathfrak{p}_{n}$
$q_{\Theta}(t, \lambda)=(t-\lambda)(t+\lambda^{n_{2^{1}}}--\pm)$
$(E-\lambda)(E+\lambda^{n_{2^{1}}}--\pm)\equiv(\begin{array}{ll}PQ 00 QP\end{array})-\lambda(\lambda^{\underline{n}_{2}}-\pm\underline{1})$ .
Shilov Poisson
$\lambda=(n+1)/2$ [13, 7] $\lambda$ [25]
$K$ 1
2 [28]
2i) $G=GL(n, \mathbb{R})$ $\mathcal{P}_{\Xi,\lambda}$
Capelli [19]
ii) (1.2 $\lambda=\rho$ ), Johnson [8, 9]
Poisson
iii) $A,$ $C^{\infty},$ $C^{m},$ $D’,$ $I\nearrow\subset \mathcal{B}$
Poiaeon $?t(D)$ (
$IP$ [1] $)$ .
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